METHODS OF IDENTIFYING THE PARAMETERS OF THERMOPHYSICAL
OBJECTS AND THEIR SCHEMATIC REALIZATION
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Methods of identifying the thermal diffusivity and thermal activity without
loss of integrity and with introduction into the experimental object are
considered. Identification schemes based on electrical models with tunable
parameters are presented.

Systemic and structural analysis of processes of nonsteady heat transfer [1] forms
the theoretical basis of various identification methods of constructing measuring and infor-
mation systems . and, in particular, identification systems for the parameters of thermophy-
sical objects and thermal perturbations. According to [1], the space—time formation of a
temperature field and heat fluxes at the boundary of a body and inside it is shown using a
structural scheme consisting of a set of elements (blocks) with definite interrelations.
Elements of the structural scheme are described by system operators (transfer functions)
determining the rule governing the transformation of input perturbations into the output
function; the inputs and outputs of the blocks are observable, and have clear physical signi-
ficance. A correctly formulated structural scheme is essentially an informative mathema-
tical model of the given process and provides the basis for the construction of various
identification schemes.

The principles of construction of schemes for identifyirg the thermal-activity coeffi-
cients b and thermal diffusivity a are considered for the example of a structural scheme
of heat transfer in a semiinfinite (in thermal terms) body, at the surface of which there
acts a circular heat source of specific power q(t) (Fig. la).

Heat transfer in the body is described by a system of differential equations
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The solution for the L transform of the excess temperature ©,(0, x, p) [2]:

0:(0, % p) =9 (p) l:_b_l—l/—ﬁ— exp (___T/V_E_V;) '_ﬁexp (_ 1/?—;?2 V;)J .

As r, > «», the expression is simplified

0.0, % p) =4 (p) {71-1/;— exp ('— —V'%—VE” :

N h

At the surface of the body (x = 0), the excess temperature is

The structural schemes of temperature-field formation along the x axis 0(0, x, p) as
ro, > « and at the surface of the body 0(0, 0, p) (r, # ) are shown in Fig. 1b, c, respec-
tively.

The mathematical model of temperature formation is represented by the operators 1/vvp
and exp [—(x/va)/p] with the unknown coefficients b and a. These coefficients may be de-
termined by calculation from the known values of_the L transforms of the temperatures o(o,
0, p) and 0(0, x, p) and the input perturbation q(p) [1]

o1 9P . . px_ _
Ve 00,0, n*[8/(0, x, p)/ 6(0, 0, p)]
In practice, temperature variation occurs over a time region with some error +§, and
the L mapping includes an additional error due to the finite measurement interval and ap-
proximate calculation of the Laplace transformation. Therefore, the theoretical values of

the coefficients b and a do not satisfy the requirement of desirable accuracy.

The coefficients b and a may be determined using an identification system based on mo-
dels with tunable parameters, the controlling perturbations of which are the values of the
errors ep and e;. The law of parameter tuning of the model is formed by program devices
(PD) ensuring the minimization of the error [3]. The structural scheme of the identification
system for coefficients b and a is shown in Fig. 1d.
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Fig. 2. Diagram of distributed RC structure and its
discrete analog: a) RC structure; b) equivalent quadru-
pole; c) discrete analog of RC structure.

Models with tunable parameters b and a are described by the transfer functions 1/b/~
and exp [-(x//a)/p], respectively, which are not expressed by ordinary differential equatioms.
Therefore, they cannot be synthesized on the basis of electrical circuits with point para-
meters. The procedure for model synthesis is based on electrical circuits with distributed
parameters, using the analogy of thermal and electrical processes occurring in a line with
distributed parameters and described by a system of partial differential equations [4]

U (x. 1) . di (x, 1)
R R, ) Ly
Py ol (%, )+ Lo 5
di (x, 1) U (x. 1)

— B8 L GU(x, £+ Cy T
py oU (x, ) + Cy py

where R,, Gy, Ly, C, are the line parameters.

Differentiating the first equation with respect to x and substituting the second into
the result with G, = L, = 0, it is found that

oU (x, t) i U (x, 1)
ot ROCO ox?
Equation (1) is similar in form to the heat-conduction equation
90 (x, 1) a 0% (x, 1)
ot ox® ’

Differential Eq. (1) describes the space—time formation of the potential and current in
a distributed RC structure (RC structure) characterized by a longitudinal resistance R,
(@/m) and a linear capacity C, (F/m). A diagram of the RC structure is shown in Fig. Za.

(1)

The potential and current in the cross section_x, U(x, p) and I(x, p), are related to
the potential and current at the beginning of the RC structure, U (p) and I 1(p), as follows
(51

Ux, p) = U (p)chyx—1, (p) 2, shpx;

(2
(p) )

I(x, py= I (p)chyx— shyx.
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TABLE 1. Table of Values of the Transition Functions h,(t)

and h,(t)
[=] [=4 0 . = = I
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- 28| fgbyl g gl mo . |lgd®leglgsger| g, 88 HE -
g8« | 8wl dogsd Fys=io b (18918 918883 §ysnlgo
O% 3] Howg] Bwas & o Ow | Hodig lowns | 2H
0,001 1 0,4767 0,4767 | 0,000 0,1 5 10,0774 | 10,0770 | 0,004
0,001 2 1,9337 1,9337 | 0,000 1,0 i 0,0967 | 0,0596 —
0,001 3 4,3779 | 4,3779 | 0,000 1,0 2 0,6447 | 0,6063 | 5,950
0,001 4 7,8117  7,8117 § 0,000 1,0 3 1,8044 1,7654 | 2,159
0,001 5 12,2365 | 12,2365 | 0,000 1,0 4 3,6452 | 3,6058 | 1,078
0,01 1 0,4296 0,4296 | 0,000 1,0 5 6,2086 6,1690 | 0,637
0,01 2 1,7969 1,7969 | 0,000 1,0 6 9,5232 9,4835 | 0,417
0,01 3 4,1237 | 4,1237 | 0,000 1,0 7 13,6104 } 13,5705 | 0,293
0,01 4 7,4178 7,4178 { 0,000 1,0 8 18,4865 | 18,4465 { 0,216
0,01 5 11,6835 | 11,6835 | 0,000 1,0 9 24,1650 | 24,1249 | 0,165
0,1 1 0,3066 | 0,3062 | 0,131 1,0 10 | 30,6571 | 30,6169 | 0,131
0,1 2 1,4191 1,4187 | 0,028 1,0 11 37,9721 | 37,9319 | 0,106
0,1 3 3,4040 3,4036 | 0,011 1,0 12 46,1182 | 46,0779 | 0,087
0,! 4 6,2854 65,2850 | 0,006 )

For an RC structure of finite length £, the relation between the input and output values
is
U, (p) = Us (p) chyl+ T (p) 2,sh y;

— U. —
11(p)= —‘ZL’ZL shyl =+ £, (p) chyl.
W
With a matched load zj, = 2z, there are no reflected waves in the RC structure and its
input resistance is equal to the wave resistance
g Ui (p) _ 21ochyl 4 zwshyl Ry
w 1 (p) 217, shyl+chyl pCo .
The transfer function with respect to the potential of a matched RC structure of length
% is analogous to the transfer function of a thermal element with x/Va = VR Cy%

Wip) =25yt — syl = exp(— VRCol).
Uy (p)

A distributed RC structure of length % may be synthesized in a definite frequency re-
gion using circuits with point parameters described by ordinary differential equations.
To this end, the analogy between the equations of the RC structure and the equations of a
quadrupole in the A form is used, and the transfer matrix of a quadrupole is written

chyl  zyshyl ch VpRC z, sh VpRC
[ == ==

—l—shyl ch ¥yl wl—sh1/pRC ch VpRC

%y %

With the aim of simplifying the realization, shvpRC and chvpRC are expanded in series
and, limiting the expansions to the first terms, the approximate transfer A matrix of a

quadrupole is written
A+ ———p‘l;C R
[A]ap= SRC
pC 14+ —=
2
When RC « 1, the relative error of the expansion is no greater than 0.17Z; therefore,
[A] = [A]ap. '
The transfer function of a matched quadrupole with the matrix [A] is
Zlo 1 e
W _(p)= = = exp (— VpRC) Iz
¥ Angt B VpRC + 2
The synthesis of a quadrupole with the matrix-[AJap is based on discrete components,
using the symmetric replacement T scheme in Fig. 2b.

The parameters z,p and z,7 are determined:
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The replacement scheme of the RC structure in the form of a cascade system of quadru-
poles is shown in Fig. 2c.

The problem of synthesizing a model with a transfer function exp (~k/p) and tunable pa-
rameter k based on the use of distributed RC structures is reduced to isolating the basic
(unchanging) part of the model, ensuring the time formation of the output signal in the spe-
cified range of variation of k and the tuning block of the parameter k. To isolate the
unchanging part of the model, the transfer function exp (— k/p) is expanded in power series

BVEE VP g VD) (3)
2! 3! T A, m!
Retaining a sufficient number of terms in the expansion, a model with any degree of
accuracy may be synthesized. Retaining four terms of the expansion, Eq. (3) takes the form

exp(—k Vp)=1—FVp+

exp(—kVp) 1Lk B (4)
o pd pVp 20 8Vp

Analysis of the error of the expansion in Eq. (4) is undertaken in the time region with
a unit step perturbation at the input of the model. The relative error of the expansion is

_ =,

00%,
Iz ()
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Calculations of the relative error of the expansion in Eq. (4) with various values of k
are performed on a computer, with the results in Table 1. Analysis of the calculations shows
that, to ensure an accuracy of 0.1%, the range of variation in k must be within the limits
0 <k <1 (t>10 sec).

A structural diagram of the model described by the series in Eq. (4) is shown in Fig. 3a
(model d). The unchanging part of the model is based on typical integrating elements with
the transfer function 1/p and special semiintegrating elements with transfer function 1/Vp.
The element with the irrational transfer function 1/vp is described by partial differential
equations and therefore is constructed using a distributed RC structure. The scheme of the
semiintegrating element based on an ideal operational amplifier with a matched RC structure
in the feedback circuit is shown in Fig. 4a. The transfer function of the element is [6]

W(p :..?_Vi: VRO/pC“ == a__ , o= _8_0._ .
R R Vo RC,

The element with transfer function 1/p was described in [3]. The changing part of the
model (tuning block -for the parameter k) is based on noninertial elements with a control-
lable transfer function K and summation and subtraction elements. The scheme of the non-
inertial element based on an ideal operative amplifier with a field transistor at the in-
put is shown in Fig. 4b. The transfer function of the element is

K(p) = RRS ~ R
S

where Rgg is the sink ~source resistance of the field transistor. The summation and subtrac-
tion elements were described in [7].

The identification scheme for the coefficients a and b with the introduction into the
experimental object is shown in Fig. 3a. Step functions of the heat flux fed to the experi-
mental object and the potential are formed on the basis of the identification signal by
the unit forming the input perturbations (F). The signal from thermocouple Tl is amplified
and compared with the output signal of model b. 1In accordance with the error ey, the prog-
ram device develops a controlling perturbation at element Kb The tuning algorithm for Kj
ensuring minimization of the error was described in [8]. The signal from thermocouple T2
is transformed (filtered) and compared with the output signal from model &. To ensure the
required accuracy, the range of variation must be within the limits 0 < K < 1; therefore,
X, is chosen from the condition xo//a < 1. The numerical value of the coeff1c1ent a for
most nonmetallic mater1als is in the range (0.5-50)-10"7; therefore, for these mater1a1s,
X, < (0.2~2)-1073

A diagram of the nondestructive method of identifying the coefficients a and b (at the
surface of the given material) is shown in Fig. 3b. The identification process has two sta-
ges. In the first stage, the coefficient b is found; then, with known b, a is identified.
The time to identify the coefficient b is determined from the condition ty £ ry?+10%, sec.
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NOTATION

T(r, x, 1), temperature at any point of the experimental object; r, x, current coordi-
nates of object; 1, time; olr, x, 1) = T(r, %, 1) — T,, excess temperature of experimental
object; q(t), heat-flux density; U(x, t), potential in cross section x of long line; i(x, t),
current in cross section x of long line; x, current coordinate of long line; t, time;_y,
constant of propagation; p, Laplace-transformation parameter; z,, wave resistance of RC
structure; z1,, load resistance; A, B, matrix elements of quadrupole; h,(t), h,(t), transi-
tion characteristics of the models; k, tunable coefficient; erfc x = 1 — erf x; erf x = 2/

X
—~ 2 . ,
e f e ¥%dx, Gaussian error function.
0
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FORMULAS FOR THE DISCREPANCY GRADIENT IN THE ITERATIVE SOLUTION
OF INVERSE HEAT-CONDUCTION PROBLEMS. II. DETERMINING THE
GRADIENT IN TERMS OF A CONJUGATE VARTIABLE

0. M. Alifanov and S. V. Rumyantsev UDC 536.24

The construction of the functional-deficiency gradient is considered for the
iterative solution of inverse problems in the case of an equation of para-
bolic type. Nonlinear formulations of the problem are considered in the gen-
eral case.

In the first part of this rveport [1], formulas were cbtained for the discrepancy gra-
dient in terms of the Green's function of the corresponding boundary problem. A more gen-
eral method of finding the gradient is based on solving the conjugate boundary problem [2,
3]. Below, an approach to deriving the conditions of this problem and formulas for the
discrepancy gradient allowing a rigorous basis for the results obtained to be established
is outlined.

Suppose that in a region with mobile boundaries Q¢ = {X;(1) < x < X,(1), 0 < T < 14}
a quasilinear parabolic equation is specified

The initial and boundary conditions for Eq. (1) are
T (x, 0) = E(x), (2)
(AT 4+ BT ]y, = Pi{T), E=1, 2, (3)
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